In this paper, we study the properties of prime and irreducible generalized bi-ideals of semigroups in the same way as of bi-ideals of semigroups which was studied by Shabir and Kanwal.
We shall use the notation S 0 with the following meaning, S 0 = S if S has a zero element S ∪ {0} if S has no zero element. Definition 1.2. [3] Let S be a semigroup and a ∈ S. Then:
(i) a is called a regular element of S if axa = a for some x ∈ S and S is called a regular semigroup if for all elements of S is a regular element.
(ii) a is called an intra-regular element of S if xa 2 y = a for some x, y ∈ S and S is called an intra-regular semigroup if for all elements of S is an intra-regular semigroup. (i) Every strongly prime generalized bi-ideal of S is a prime bi-ideal.
(ii) Every prime generalized bi-ideal of S is a semiprime generalized bi-ideal.
(iii) A prime generalized bi-ideal of S is not necessarily strongly prime generalized bi-ideal and a semiprime generalized bi-ideal of S is not necessarily prime generalized bi-ideal. Then {0} is a prime generalized bi-ideal of S which is not strongly prime generalized bi-ideal. Then {0} is a semiprime generalized bi-ideal of S which is not prime generalized bi-ideal. Remark 1.10. Let S be a semigroup. Then:
(1) Every strongly irreducible generalized bi-ideal of S is an irreducible generalized bi-ideal.
(2) An irreducible generalized bi-ideal of S is not be a strongly irreducible generalized bi-ideal. Then {0, 1, 2, 3}, {0, 1, 2, 4}, {0, 1, 4, 5} and {0, 1, 2, 3, 4, 5} are irreducible generalized bi-ideals of S which are not strongly irreducible generalized bi-ideal. Definition 1.12. For a semigroup S, let GB denote the set of all generalized bi-ideals of S and P denote the set of all strongly prime proper generalized bi-ideals of S. Define for each B ∈ GB, let θ B := {J ∈ P | B J},
Lemmas
All semigroups considered in this paper are semigroups with zero.
Lemma 2.1. Let S be a semigroup. Then GB is a partially ordered set under inclusion.
Proof. Since {0} is a generalized bi-ideal of S, we have {0} ∈ GB. Thus GB ∅.
Reflexive: Let B ∈ GB. Then B ⊆ B.
Anti-symmetric: Let B 1 , B 2 ∈ GB be such that B 1 ⊆ B 2 and B 2 ⊆ B 1 . Hence B 1 = B 2 .
Transitive:
Therefore the inclusion is an order relation in GB, so GB is a partially ordered set under inclusion.
Lemma 2.2. Let B 1 and B 2 be generalized bi-ideals of a semigroup S. Then B 1 B 2 is a generalized bi-ideal of S.
Proof. Since B 1 ∅ and B 2 ∅, we have B 1 B 2 ∅. Thus
Thus B 1 B 2 is a generalized bi-ideal of S.
Lemma 2.3. The intersection of any family of generalized bi-ideals of a semigroup is a generalized bi-ideal.
Proof. Let S be a semigroup and let
Therefore A is a generalized bi-ideal of S.
Lemma 2.4. The intersection of any family of prime generalized bi-ideals of a semigroup is a semiprime bi-ideal.
Proof. Let S is a semigroup and let Q := {P | P is a prime generalized bi-ideal of S}. Since 0 ∈ P for all P ∈ Q, we have 0 ∈ Q. Thus Q ∅. Let x ∈ ( Q)S( Q). Then x = asb for some a, b ∈ Q and s ∈ S. Thus x = asb ∈ PSP ⊆ P for all P ∈ Q. Hence x ∈ Q, so
Therefore Q is a generalized bi-ideal of S Let B be a generalized bi-ideal of S such that B 2 ⊆ Q. We have B 2 ⊆ P for all P ∈ Q. Since P is a prime generalized bi-ideal of S, we have B ⊆ P for all P ∈ Q. Thus B ⊆ Q. Hence Q is a semiprime generalized bi-ideal of S. Lemma 2.5. Let S be a regular semigroup. Then every generalized bi-ideal of S is a bi-ideal.
Proof. Let B be a generalized bi-ideal of S. Then BSB ⊆ B. We shall show that B is a subsemigroup of S, let a, b ∈ B, there exist x, y ∈ S such that a = axa and b = byb.
Hence B be a subsemigroup of S. Lemma 2.6. Let S be regular and intra-regular semigroup. Then B 2 = B for all generalized bi-ideal B of S.
Proof. Let B be a generalized bi-ideal of S. By Lemma 2.5, we have B 2 ⊆ B. Let a ∈ B. Then there exist x, x , y ∈ S such that a = axa and a = x a 2 y .
Thus a = axa = ax(axa) = ax(x a 2 y )xa = (axx a)(ay xa) ∈ B 2 .
Hence B ⊆ B 2 , so B 2 = B.
Main Results
Proposition 3.1. Every strongly irreducible, semiprime generalized bi-ideal of a semigroup S is a strongly prime generalized bi-ideal.
Proof. Let B be a strongly irreducible semiprime generalized bi-ideal of S. We shall show that B is a strongly prime generalized bi-ideal of S, let B 1 and B 2 be generalized bi-ideals of S such that
Since B is a semiprime generalized bi-ideal of S, we have B 1 ∩ B 2 ⊆ B. Since B is a strongly irreducible generalized bi-ideal of S, we have
Hence B is a strongly prime generalized bi-ideal of S.
Proposition 3.2. Let B be a generalized bi-ideal of a semigroup S and a ∈ S such that a B. Then there exists an irreducible generalized bi-ideal I of S such that B ⊆ I and a I.
Proof. Let GB B := {B 1 | B 1 is a generalized bi-ideal of S such that B ⊆ B 1 and a B 1 }. Clearly, B ∈ GB B . Thus GB B ∅. By Lemma 2.1, we have GB B is a partially ordered set under inclusion. We shall show that every chain of GB B has an upper bound in GB B . Let C be a chain of GB. We shall show that C is a generalized bi-ideal of S. Let x ∈ ( C)S( C). Then x = c 1 sc 2 for some c 1 , c 2 ∈ C and s ∈ S. Thus c 1 ∈ B 1 and c 2 ∈ B 2 for some B 1 , B 2 ∈ C. Since C is a chain of GB B , we have B 1 and B 2 are comparable. Thus B 1 ⊆ B 2 or B 2 ⊆ B 1 , so c 1 , c 2 ∈ B 1 or c 1 , c 2 ∈ B 2 . Since B 1 and B 2 are generalized bi-ideals of S, we have
Thus x ∈ C, so C is a generalized bi-ideal of S. Since a C for all C ∈ C, we have a C. Clearly, B ⊆ C. Hence C ∈ GB B . For any C ∈ C, we have C ⊆ C. Thus C is a upper bound C in GB B . By Zorn's Lemma, there exists a maximal element I ∈ GB B . Hence I is a generalized bi-ideal of S such that B ⊆ I and a I. Next, we shall show that I is an irreducible generalized bi-ideal of S. Let C and D be generalized bi-ideals of S such that C ∩ D = I. Suppose that C I and D I. Then
Thus B ⊆ I ⊂ C and B ⊆ I ⊂ D. If a C, then C ∈ GB B . This is a contradiction because I is a maximal element of GB B , so a ∈ C. Similarly, we have a ∈ D. Thus a ∈ C ∩ D = I, it is impossible. Hence C = I or D = I. Therefore I is an irreducible generalized bi-ideal of S. (ii) B is a strongly prime generalized bi-ideal.
Proof. By Lemma 2.5 and Proposition 2.11 [3] .
Theorem 3.5. If S is a regular and intra-regular semigroup. Then F(P) forms a topology on the set P.
Theorem 3.6. Each generalized bi-ideal of a semigroup S is strongly prime if and only if S is regular, intra-regular and the set of generalized bi-ideals of S is a totally ordered set under inclusion.
Proof. Assume that each generalized bi-ideal of S is strongly prime. Then each generalized bi-ideal of S is semiprime. By Theorem 3.3, we have S is a regular and intra-regular semigroup. By Lemma 2.1, we have GB is a partially ordered set under inclusion.
Comparable: Let B 1 and B 2 be generalized bi-ideals of S. By Theorem 3.3, we have
Since B 1 ∩ B 2 is a strongly prime generalized bi-ideal of S, we have
Thus GB is a totally ordered set under inclusion. Conversely, by Lemma 2.5 and Theorem 2.13 [3] , we have each generalized bi-ideal of S is strongly prime.
Theorem 3.7. If the set of all generalized bi-ideals of a semigroup S is a totally ordered set under inclusion, then S is both regular and intra-regular if and only if each generalized bi-ideal of S is prime.
Proof. By Lemma 2.5 and Theorem 2.14 [3], we have each generalized bi-ideal of S is prime.
Conversely, assume that every generalized bi-ideal of S is prime. Then each generalized bi-ideal of S is semiprime. By Theorem 3.3, we have S is both regular and intra-regular. Hence GB is a totally ordered set under inclusion.
